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ABSTRACT
Starting from W∞ as a fundamental symmetry and using the coadjoint orbit method,
we derive an action for one dimensional strings. It is shown that on the simplest
nontrivial orbit this gives the single scalar collective field theory. On higher orbits
one finds generalized KdV type field theories with increasing number of components.
Here the tachyon is coupled to higher tensor fields.
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1. Introduction
Our recent investigations of the collective field formulation of d=1 string theory
[1,2] emphasized a number of characteristic symmetry properties. These were de-
scribed by a w∞–algebra of observables which was exhibited first at the classical and
then at the quantum level. The theory is described by a scalar field representing the
density of fermions, the chiral components of which obey decoupled equations arising
from the Hamiltonian
H =
∫ (α3+
3
− α
3
−
3
)
dx+
∫
v(x) (α+ − α−)dx (1)
with the Poisson structure:
(
u(1)× u(1) current algebra)
{
α+, α+
}
= −{α−, α−} = δ′(x− y){
α+, α−
}
= 0
(2)
It was shown that the theory was classically Liouville–integrable for any potential
v(x); moreover, due to the Poisson structure (2), a (w∞)
2 algebra structure arose,
generated by
h±m
n ≡
∫
xm−1
αm−n±
m− n dx , (m ≥ n) (3)
and reading {
h±m
n , h±p
q
}
=
(
(m− 1)q − (n− 1)p) hn+qm+p−2{
h+, h−
}
= 0
(4)
For each chirality we therefore have a w∞ algebra isomorphic to the Poisson bracket
algebra of polynomials xm pm−n.
The (w∞)
2–algebra survives quantization. In the case when v(x) = x2, it allows
the construction [2] of an exact set of discrete eigen-operators for the Hamiltonian
(1). These were shown to also realize a (w∞)
2-algebra. In short the (w∞)
2 algebra
was established to be the spectrum–generating algebra [2,4] for discrete states of the
d=1 string theory. A similar conclusion was reached directly from the study of vertex
operators in [5,6].
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It appears therefore that the w∞-algebra and its possible“quantum” deformations
such as the algebra of differential operators with polynomial coefficients
{
xn ∂mx
}
(of
which w∞ is the 1-contraction algebra), plays a basic symmetry role in any field
theory of strings [1-10]. The collective field theory described above or equivalently
the free fermion theory is just a first example of a more general structure.
We wish to present here a construction of an extended class of field theories, using
the coadjoint orbit construction [11] applied to the algebra w∞, using its Lie-Baxter
[15] structure. We will show that the theory corresponding to the lowest nontrivial
orbit is precisely the collective tachyon field theory. This will clarify the Poisson
structure (2), the origin of the Hamiltonian (1), and the associated representation
of the w∞-algebra (3) which will be understood as a subalgebra of the algebra of
observables on a symplectic manifold canonically generated by the coadjoint action
of the algebra of fields w∞ on its dual w
∗
∞.
The construction of more general orbits then leads to field theories with an in-
creasing number of fields. These fields include the tachyon, which interacts with the
other fields in a w∞–covariant way. In general one has candidate field theories for
any number of these supplementary degrees of freedom.
2. The Coadjoint Orbit Construction
It is a well-known feature of dynamical systems having the dual G∗ of the Lie
algebra G of a group G as phase space, that the canonical way of obtaining a sym-
plectic manifold in this phase space (i.e. a bona fide phase space with non-degenerate
Poisson brackets) is by constructing orbits of the coadjoint action of G on G∗ [11].
Representing the action of G∗ on G by the duality bracket <>, the coadjoint action
is then given by:
∀g ∈ G, g∗ ∈ G∗; h ∈ G :< Ad∗h.g∗, g >=< g∗, Ad(h) · g > (5)
where the adjoint action is defined by the Lie bracket:
Ad(h) · g = [g, h] . (6)
The integrated coadjoint action of the group G on an initial point b ∈ G∗ then spans
a coadjoint orbit in G∗.
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We recall the following results:
1. On each coadjoint orbit there exists a natural symplectic 2-form, obtained by
reduction of the canonical Kirillov-Poisson bracket (dual of the Lie bracket)
[11].
2. This symplectic 2-form allows the construction of action functionals on the
coadjoint orbit, exhibiting a global coadjoint-invariance plus a local, gauge-
type coadjoint invariance group obtained from the Ad∗-invariance group of the
original point b in the orbit [12]. They read [13,14]:
S =
∫
dλdτ < Ad∗
(
g(λ, τ)
) · b, [uλ, uτ ] > −
∫
∂M1
Hdτ (7)
where:
. b is an arbitrarily chosen origin on the orbit O
. g(λ, τ) is a 2-parameter element of G, spanning a 2d surface M1 in the orbit O.
. uλ, uτ are elements of G respectively describing the coadjoint infinitesimal action
of g−1∂λg and g
−1∂τg.
. <> is the duality bracket, [ ] the Lie bracket.
. τ will play the role of time for the Lagrangian (7).
. λ is a supplementary variable, integrated over whenever possible, allowing to
consider topologically non-trivial phase spaces varying from 0 to 1.
. H is an arbitrary Hamiltonian function on O.
. ∂M1 is the boundary at fixed λ = 1 of the 2-dimensional surface M1 in O
spanned by Ad∗g(λ, τ)· ∼ Ad∗g(1, τ) · b
3. The Lagrange equations of motion from the action S in (7) are equivalent to the
Hamiltonian equations of motion generated by H on the boundary ∂M1 [12].
The coadjoint orbit method is crucial in the Lie-Baxter construction of integrable
systems, which we are now going to describe. A Lie-Baxter algebra is a Lie algebra
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endowed with two Lie algebra structures, namely:
ad(x) · y = [x, y] (usual Lie bracket)
adR(x) · y = [Rx, y] + [x,Ry] (R − commutator);R ∈ End(G)
(8)
In order for (b) to satisfy the Jacobi identity, R must obey the classical Yang-Baxter
algebra [15]. In this case, it was shown that
1. Ad∗-invariant functions of G∗ are in involution under the two Poisson-Kirillov
brackets generated by the two Lie algebra structures (8) [16].
2. The equation of motion on G∗ (or in fact on a Ad∗R-coadjoint orbit of G∗),
given by a Ad∗-invariant Hamiltonian (typically a Gelfand-Dikii [17] hamilto-
nian Tr(g∗)n/m|g∗∈S∗), has a Lax representation, and is Liouville–integrable due
to 1).
Finally, there exists a well-known method, known as Adler-Kostant- Symes scheme,
to obtain such Lie-Baxter algebras [16]. Whenever the Lie algebra G can be decom-
posed as a vector space into a direct sum of two sub-algebras N and K, the endomor-
phism PN −PK (projections on N,K ) is a solution of the Yang-Baxter equation. In
this case, one can compute the second coadjoint action of G∗R on GR:
ad∗R
(
n2 + k2
) · (n∗1) = ad∗(n2) · n∗1 + ad∗(k2) · k∗1 (9)
We now apply this formalism to the case when G is a w∞–algebra.
3. Coadjoint Orbits in w∗∞- Algebra
The w∞–algebra W is generated by the elements w
n
m with the commutator:
[
wnm, w
q
p
]
=
(
(m− 1)q − (p− 1)n)wn+qm+p−2 (10)
To any element of W we associate the 2-variable function:
h ∈ w =
∑
hnmw
n
m → h(x, y) =
∑
hnm x
n+m−1 pm−1 (11)
The commutator of two elements h1, h2 of W is represented under the corre-
spondance (11) by the Poisson bracket of h1(x, y) with h2(x, y), generated by the
one–dimensional symplectic structure {x, y} = 1.
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The dual algebra W ∗ is generated by dual elements w∗nm ; the functional repre-
sentation reads:
h¯ ∈ W ∗ =
∑
h¯nmw
∗
m
n → h¯(x, y) =
∑
h¯nm x
−n−m p−m (12)
so that the duality bracket < h¯|h > becomes the contour integral
∮
dx
∮
dy h¯(x, y)h(x, y) . (13)
from where the coadjoint action immediately becomes, in the functional representa-
tion
Ad∗
(
h(x, y)
) · k¯(x, y) = {h, k¯} (14)
This allows to identify Ad and Ad∗ under the identification w∗nm = w
−n
−m+s. Now we
have an obvious Adler-Kostant-Symes decomposition of W as:
W =W+
⊕
W− W+ = {wnm, m ≥ 1}
W− = {wnm, m ≤ 0}
(15)
The Lie-Baxter algebra structure reads:
[
w+1 + w
−
1 , w
+
2 + w
−
2
]
=
[
w+1 , w
+
i
]
+
[
w−1 , w
−
2
]
(16)
The identification of W and W ∗ becomes an identification between (W+)∗ and W−,
and (W−)∗ and W+. The coadjoint action then reads:
Ad∗R
(
w+1 + w
−
1
) · (w+ + w−) = [w+1 , w−]− +
[
w−1 , w
+
]
+
(17)
We shall now restrict ourselves to coadjoint orbits inW+ ≃ (W−)∗. The coadjoint ac-
tion (14) reduces to the projected (standard) coadjoint action of W− ∼ [W−,W+]
+
.
Let us first describe in detail the simplest non–trivial example of a coadjoint
orbit. It turns out to correspond to the string collective field theory [1,2]. Consider
the subset of (W−)∗ parametrized by the functions:
h(x, y) = y2 + u(x) (18)
u(x) being any function of x, formally u =
∑
n∈Z
u(n)xn.
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We now apply the construction scheme described in Section 2:
(a) The set h(x, y) parametrizes a coadjoint orbit of W+. Indeed, the coadjoint
action of W− under (14) reads:
Ad∗ (W−) · h = {y2 + u(x), y−1v1(x) + y−2v2(x) + · · ·}+ = −2 ∂v1∂x (19)
We see that u(x) transforms into u(x)−2v1,x, hence any function u(x) can be reached
from a given u0(x) provided that
∫
dx u0(x) =
∫
u(x). We recover also the argument
that any integral of the form
∫
dx ∂v∂x ≡ 0 for any meromorphic function v(x); this
argument was used [1,2] in our derivation of the w∞ - algebra.
(b) The representatives of g−1∂τg and g
−1∂λg ∈ W−, defined in (7), can be
explicitely evaluated. Indeed, the coadjoint action simply translates into a “deforma-
tion” of u(x) as u(x, λ, τ). In particular it follows from (19) that
∂u
∂τ, λ
= −2 ∂v
τ,λ
1
∂x
(20)
where g−1∂τ,λg ∼ y−1v(τ,λ)1 (x) + · · · Hence, inside (7):
uτ ≡ 1
2
y−1 ∂−1x
∂u
∂τ
+ · · ·
uλ ≡ 1
2
y−1 ∂−1x
∂u
∂λ
+ · · ·
Ad∗R g · b ≡ y2 + u(x, λτ)
(21)
(c) The action S (7) therefore becomes:
S =
∫
dx dλdt
1
4
(
∂−1x uτ uλ − ∂−1x uλ uτ
) −H(u)
Introducing the 1+1 dimensional field u(x, τ) ≡ u(x, λ = 1, τ) we have after integra-
tion
S = −1
4
∫
dx dt u ∂−1x
du
dt
−H(u) . (22)
From (22), the canonical Poisson structure of any field theory on this orbit is
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easily read:
Πu ≡ ∂L
∂u˙
=
1
4
∂−1x u⇒ {u(x), u(y)} = 4δ′(x− y) (23)
We have recovered the Poisson structure (2) of the collective field theory. Now it
follows from the Lie-Baxter algebra construction that there exists a set of commuting
Hamiltonians on the Ad∗R-invariant orbits, i.e. the Ad
∗-invariant functions. Such
functions are easily obtained, once one introduces the Ad∗-invariant trace:
Tr(w ∈ W ) =
∫
dxdyw(x, y) (24)
Its crucial Ad∗-invariance properly follows from:
Tr
(
[w1, w2]
)
=
∫
dxdy {w1, w2} = 0 by part integration .
It can therefore be used to define Ad∗-invariant functions of W+, namely the equiva-
lent of Gelfand-Dikii hamiltonians [17]. Tr Lp/n for L ∼ yn+· · · inW∞. In particular,
on the orbit in W+ ∼ y2 + u(x), the Ad∗-invariant functions reduce to:
Ik = Tr
([
y2 + u(x)
]2k+1/2) ∼
∫
uk+1(x)dx (25)
In this way we recover naturally the hierarchy of commuting Hamiltonians for the
zero-potential case.
The first nontrivial Hamiltonian with k = 2 gives the cubic interaction and the
Lagrangian
L = 1
4
(
u+ ∂
−1
x u˙+ − u− ∂−1x u˙−
)− 1
12
√
2
(
u3+ − u3−
)
(26)
where we have added an identical w∞–coadjoint action for the other chirality com-
ponent. Defining u± =
√
2
(
Π,x ± φ
)
one ends up with the cubic collective field
theory.
Lcoll = Π φ˙−
(1
2
Π,x φΠ,x +
1
6
φ3
)
(27)
Let us now comment on the Poisson structure (23). It is easy to check the consistency
of the procedure by comparing this structure with the restriction to the orbit of
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the Kirillov-Poisson structure (for W or WR, since there is no difference when one
considers solely the subalgebra W+). The KP bracket on W ∗− reads [3],
{
h∗nm , h
∗q
p
}
=
(
(p− 1)n− (m− 1)q)h∗n+qm+p−2 (28)
Reduced to the orbit y2 + u(x), which corresponds to the constraint {h−22 = 1, hpm =
0 ∀m 6= 0, 2}, it gives:
{
hn0 , h
m
0
}
= (m− n) hm+n−2 = (m− n) δm+n,2 (29)
thereby identifying the canonically conjugate variables on the orbit as {hn0 , h2−n0 for
n > 1} , plus the invariant h10 ∼
∫
u dx. The coordinates on the orbit h∗n0 are the
coeffients of the formal expansion of u as u =
∑
h∗n0 x
−n, or h∗n0 =
∮
xn−1u(x)dx.
This is a very simple realization of the Darboux theorem for this symplectic manifold.
From (29) and using:
∑
n≥0
≤0
nx−n−1 yn−1 = ∆(x, y) = δ′(x− y) (under
∮
integration) (30)
the Poisson structure (23) follows.
The orbit is now explicitely described as a direct sum of N–labeled phase spaces,
therefore the algebra of functions on the orbit or, loosely speaking, the algebra of
observables in the corresponding quantum theory, is a “product” of w∞–algebras,
precisely,
W =
∞⊕
n=1
{ n⊗
i=1
w(i)
}
(31)
where
w(i) =
{
xm(i) p
n
(i)m,n ∈ Z
}
(32)
denotes the w∞ algebra associated to the i
th phase space. We recognize here the
structure of the matrix model where the eigenvalues λi and their conjugates pi gen-
erate a product of w∞ algebras. Our field–theoretical (w∞)
2-algebra
∫
xm αn± is now
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understood as being a subalgebra of this large W-algebra. W would in fact be de-
scribed by all generators of the form:
{∫
xm αn1 α′n2 · · ·α(p)np, p = 1 · · ·∞}. The
“fundamental” algebra or algebra of fields is in fact the original w∞ algebra. Note
that this construction indicates that the “
∫
dx” symbol in the construction of the al-
gebra
(∫
xm αn−m
)
must be understood as
∮
, and it was therefore allowed to suppress
all integrated terms. There is one exception, however, when one computes
{∫
xnα,
∫
x−nα
}
=
∫
xn y−n δ′ dxdy =
∫
x−1dx ≡ 1 (33)
(and not 0, but x−1 = ∂−1x ℓnx and ℓnx is not a meromorphic function)
Any other commutator, however, was evaluated in [1,2] using formal partial integra-
tions, whenever the final order in α was non– zero (which is always consistent with the
definition of
∫
dx as
∮
, except in the above case, when one considers generators with
a positive power of α), and is therefore correctly given by the standard (4)-formula.
We have now exhibited the structure of the collective string theory in d = 1 as
a coadjoint construction on the algebra w∞. We have found that it is given by the
lowest orbit, defined as y2 + u(x). It is clearly interesting to study the more general
orbits, which lead to increasing number of fields and the extension of the simple
tachyon collective field theory.
4. High-Dimensional Orbits and Extended Lagrangians
The higher–dimensional orbits follow from the same type of construction which
we have extensively described in the lowest– dimensional case. We shall now describe
the main characteristic features and give some typical examples for Lagrangian field
theory associated with higher w∞ hierarchy.
First of all, a set in W ∗− represented by functions of the form Fn(y, z) = y
n +
u(n−2) yn−2 + · · ·u(0) is invariant under ad∗(W−). One ignores the possible term
u(n−1) yn−1 since it is left invariant by the coadjoint action and is therefore irrelevant
in the description of a coadjoint orbit. The above manifold, with arbitrary functions
u(n−2) · · ·u(0) (i.e. arbitrary coordinates (h···−n−2 · · ·h···0 ) on the basis w∗m−n of W ∗− ),
is a coadjoint orbit (up to a finite number of degrees of freedom corresponding to
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normalization constants ∼ ∫ u(p) ). Indeed, the coadjoint action reads:
ad∗W− · Fn =
{
yn + u(n−2) yn−2 + · · ·u(0), y−1b(1) + · · · y−n+1 b(n−1) + · · ·}|+
= nyn−2
∂b(1)
∂x
+ nyn−3
∂b(2)
∂x
+ · · · (n ∂b(n−1)
∂x
+ · · · 2 ∂u
(2)
∂x
b(1)
)
(34)
hence the form of the function Fn is ad
∗–invariant, and all functions u(n) can be
reached by ad∗–action from arbitrary initial functions u
(n)
0 , provided that normal-
ization invariances such as
∫
u
(n−2)
0 =
∫
u(n−2) · · · be respected.The Poisson bracket
structure on this orbit (which is a symplectic structure up to a finite number of cen-
tral degrees of freedom) is readily obtained from the reduction of the Kirillov-Poisson
structure of W ∗−, given in (28), to the orbit
{
hn−n = 1, h
m
−p = 0 for p 6= 0 · · ·−n−2
}
.
Using (28) together with:
∑
n∈Z
x−n−1 yn ∼ δ(x− y) (under
∮
) (35)
leads to the following Poisson structure:
{
u(p)(x), u(q)(y)
}
=
1
2
(p− q) δ(x− y)u(p+q+2),x (x)+
+
p+ q + 2
2
δ′x(x− y) ·
(
u(p+q+2) (x) + u(p+q+2) (y)
) (36)
Although it does not seem obvious to write immediately a Lagrangian leading
to such a Poisson structure, we know in principle how to do so: one has to “solve”
formally (34) in order to express b(τ,λ) in terms of ∂u(p)/∂τ and ∂u(p)/∂λ. Obviously,
this can be achieved in a technically simple, although becoming tedious when n is
large, recursion scheme. Once explicitely obtained, one plugs back uτ and uλ into (7),
and obtains the explicit Lagrangian. We expect however that drastic simplifications
occur when the fields u(n) are suitably redefined. Although we have no general proof,
we have shown up to under n = 5 (4 distinct functions a) that (36) can be recast as:
(for instance, n = 5 )
{
u¯(0), u¯(3)
}
= 5 δ′(x− y) {u¯(1), u¯(2)} = 5 δ′(x− y) (37)
all other brackets vanish.
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This follows from redefining in (36):
u¯(0) = u(0) − 1
5
u(2) u(3) u¯(1) = u(1) − 3
20
u(3)
2
(38)
The Lagrangian obtained from (7) then becomes
L =
∫
dx
(
u˙(0) ∂−1x u
(3) + u˙(1) ∂−1x u
(2)
)−H (39)
If our conjecture is correct, for any n one can redefine the u(p) functions in (36) so as
to reduce it to
{
u(p), u(n−p−2)
} ∼= δ′(x− y) ∀ p = 0 · · · (n− 2) (40)
In particular, for n even, the field u(
n−2
2
) is “self-conjugate” under (40), just as the
tachyon field α was for n = 2. It seems natural to try an identification of this field
as the tachyon field, coupled to the other fields u(p) and their “momenta” u(n−p−2).
The couplings are described by a specific choice of Hamiltonian. We know in
principle an infinite hierarchy of commuting Hamiltonians which would lead us to
integrable field theories. They read (for the nth hierarchy), redefining the labeling of
u as u(p) → u(n−p)
Hp =
∫ [
yn + u(2) yn−2 + · · ·u(n)]p/n
+
dx dy (41)
The explicit computation is a technical matter which we shall not discuss in detail.
The terms that can be obtained are deduced from the following rules: (a) the 1/n–
power of L ≡ yn + · · ·u(0) has the generic form
L1/n = y +
∞∑
q=1
∑
{pj}
∏
j a
(pj)
yq
(42)
when for a fixed q the set {pj} is such that
∑
pj = q + 1 and u
(0) = 1, u(1) = 0
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(b) it follows that the contributing terms to (41) of global order y−1 are necessarily
of the form
∏
j u
(pj) such that
∑
pj = p + 1 Let us now describe Hamiltonians and
Lagrangians for the next orbits (n = 3, n = 4). The n = 3 orbit y3 + uy + v leads to
the following Hamiltonians.
L1/3 →
∫
u dx L2/3 →
∫
v dx
L4/3 →
∫
uv dx L5/3 →
∫
9v2 − u3dx · · ·
(43)
The associated Lagrangian takes the form:
L =
∫ (
u˙ ∂−1x v + g1 · uv + g2
(
9v2 − u3)+ · · ·)dx (44)
The n = 4 orbit y4 + uy2 + vy + w leads to the following Hamiltonians:
L1/4 →
∫
u dx L1/2 →
∫
v dx L3/4 →
∫ (
8w − u2)dx
L5/4 →
∫
−3u3 + 2uw + v
(45)
and associated Lagrangian:
L = (u˙ ∂−1x w + w˙ ∂−1x u)+ v˙ ∂−1x v
+ g1
(
8w − u2)+ g2(−3u3 + 2uw + v2)+ · · ·
(46)
In this way, one shall obtain integrable, w∞–invariant field theories which can be
interpreted (for even n) as describing the coupling of the tachyon field u(
n
2
−1) to other
fields in a very naturally-defined way. The exact interpretation of these fields will be
left for forthcoming studies; one must however underline their resemblance with the
fields associated to the hierarchy of discrete states in the formalism of Klebanov and
Polyakov [6]. Our sequence of fields in the n → ∞ limit:
∑
m≥0 u
(m)
(
x, τ
)
ym =
U(x, y, τ) becomes a 2+1 field theory. However one must be careful about taking the
limit n → ∞. This limit would indeed correspond to taking the full W∞+ algebra as
phase space, instead of its finite n orbit, and the Poisson structure is degenerate on
this large phase space, preventing the construction of a Lagrangian on the previously
described lines although it now reminds us of gauge–like theories. This point clearly
deserves further investigations.
13
Finally we wish to comment on another possible extension of the previous coad-
joint construction. As indicated above, W∞ is the 1-contraction reduction of the
algebra of pseudo differential operators. The above constructions have therefore the
simple interpretation of long wave–length limits of the generalized KdV hierarchy
obtained by application of the AKS scheme to PsDiff [18]. In fact, the phase space
interpretation of PsDiff was emphasized recently by Yoneya [10]. In Wigner repre-
sentation, PsDiff operators can be represented by functions of two variables x and
ζ , of the form F =
∑
n∈z u
(n)(x)ζn, where the coefficients u
(n)
p =
∮
x−p−1 u(n) are
the coordinates on the basis (∼ xn∂px) of a given element in PsDiff. The algebra is
described by the product rule:
F1 · F2 =
∑
n≥0
( ∂
∂ζ
)n
F1 ·
( ∂
∂x
)n
F2 (47)
W∞ would be obtained by restricting n to 1. One then proceeds in defining the Lie–
Baxter structure of PsDiff as
{ ∑
n≥0 u
(n)(x)ζn
}⊕{ ∑n<0 u(n)(x)ζn
}
, the duality bracket
< F1, F2 >= Tr F1 · F2 and the adjoint–invariant trace TrF =
∮
dζ dxF . Finally
the Lagrangian on a given coadjoint orbit of order n in ζ reads:
L =
∮
dζ
∮
dx
(
ζn + u(n−2)ζn−2 + · · ·) · [aτ , aλ] dτλ (48)
when aτ,λ(x, y) is such that:
. aτ,λ(x, y) in (Ps Diff) =
∑
n≥1 ζ
−n a
(n)
τ,λ is defined by the equation
[
ζn + u(n−2)ζn−2 + · · · , aτ,λ
]|+ = ∂u
(n−2)
∂τ, λ
ζn−z + · · · (49)
. [] is the initial Lie bracket, []+ is the projection on (PsDiff)+ corresponding to
taking the second Lie-Baxter coadjoint action of (PsDiff)− on PsDiff+ . All these
features are well-known in the theory of generalized KdV hierarchies.
We want to emphasize now the relation with matrix models and fermions. As
before, the algebra of observables is now an infinite number of copies of operators of
14
the type Xn ∂m:
Xni ∂
m
i i = 1, 2 · · · (50)
5. The Free Fermion Formalism
It is well known [21] that classical integrable equations obtained from the coad-
joint construction on the Ps Diff algebra can be reformulated in terms of integral
equations obeyed by free fermion correlation functions. Since this relation may help
to understand the meaning of the supplementary fields u(n) introduced in section 4,
by reformulating them in terms of free fermions (which are known to be an alternative
description of matrix models [19]), we shall describe briefly its salient points:
One starts from free fermion generators
{
ψ+m, ψn, m, n ∈ Z
}
, constructing the
Gl(∞) algebra as bilinears in ψ: gmn ≡ ψ+m ψn, with commutation relations [gmn, gpq] =
δnp gmq − δmq gpn. One introduces a hierarchy of commuting Hamiltonians
{
H(n) =∑
iǫZ ψ
+
i ψi+n
}
, n ≥ 0, and it is easy to show, by a bosonization argument, that the
evolution of the free fermions is encapsulated in the following form.
ψ(k) =
∑
nǫZ
k−n ψn ; e
ΣxnH
(n) · ψ · e−ΣxnH(n) = eζ(x,k) ψ(k)
ζ(x, k) =
∑
n>0
xn k
n
(51)
Indeed the bosonization formula read:
α(k) = ψ+(k)ψ(k) ; ψ(k) = e∂
−1α(k) (52)
and the Hamiltonians H(n) are expressed as:
H(x) =
∑
xnH
(n) =
∑
xn α
(n) ; α(n) =
∫
kn−1α(k)dk (53)
from which (51) immediately follows. The major point consists in computing partic-
ular correlation functions:
τ(x · · ·)(g) =< 0| e−H(x) g|0 > , g ∈ Gl(∞)
|0 > being the Fermi sea vacuum
. (54)
These correlation functions or “tau functions” obey a particular bilinear equation or
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“Hirota equation” [22]:
∮
eζ(x−x
′
,k) τ
(
xn − 1
nkn
· · ·) τ(x′n + 1nkn · · ·
)
dk = 0 (55)
from which the differential equations of the KP hierarchy are obtained by Taylor-
expanding (55) and introducing functions ∼ u = ∂2
∂x2i
ln τ . The KdV hierarchy is
obtained in a similar way by a reduction of Gl(∞) to the Kac-Moody algebra A(1)1 , or
equivalently by suppressing dependence in the even variables x(2n) in (55). It follows
that the classical fields u(n)(x, t) introduced in section 4 are interpreted as (derivatives
of) correlation functions for particular operators in a free-fermion theory. Notice also
that the bilinear operators:
Θ(n,m) =
∫
dk ψ+(k) kn∂mk ψ(k) (56)
naturally realize the Ps Diff algebra, thereby providing us with an algebraic rela-
tionship between the two formalisms. In relation to these remarks, let us finally
emphasize that the Ps Diff algebra, and indeed the whole KP-construction frame-
work, was used in [10,20] to formulate effective actions for string equations, implying
a possible interpretation of the higher orbit coadjoint action as an effective action for
fermion correlation function.
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